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Abstract 



We construct the graviton propagator in n-dimensional anti-de Sit- 
ter spacetime in the most general covariant gauge. We then study the 
behaviour of this propagator for different values of the gauge parame- 
O ters. We will show that in any gauge, apart from the Landau gauge, the 

graviton propagator in the AdS spacetime contains a complicated term 
t' I ' involving the derivative of a hypergeometric function which can not be 

bX), expressed in terms of elementary functions. We do our calculations in the 

Euclidean approach. 

• 1 Introduction 

ff^ . Anti-de Sitter (AdS) spacetime is the maximally symmetric solution to the 

'sj" ' vacuum Einstein equations with a negative cosmological constant [1] . It has the 

. topology X and can be viewed as a hyperboloid in i?". There are closed 

time like curves in this space. However if we unwrap the circle S^, then no closed 
time-like curves are left. By AdS spacetime we will mean this unwrapped AdS 
spacetime, in this paper. 

AdS spacetime has attracted much attention due to AdS/CFT correspon- 
dence [2]- [4]. This is a correspondence between classical gravity in bulk of AdS 
and the quantum field theory living on its boundary. One important aspect of 
' AdS/CFT correspondence is the calculation of correlation functions in the type 

II supergravity on AdS in order to study the large N limit of = 4 super- 
conformal Yang- Mills theories [5]- [7]. Bulk to Bulk propagators are required for 
this purpose [8]-[in|. The graviton propagator in AdS spacetime in a certain 
Landau gauge is already known [TT]. The graviton propagator for /(i?)-gravity 
in four dimensional AdS spacetime in a similar Landau gauge has been recently 
analysed [T^] . The Graviton propagator in AdS spacetime has also been studied 
in the de Bonder and the Feynman gauges ^3]. General higher-spin quantum 
field theory in AdS spacetime has been thoroughly investigated in the de Bon- 
der gauge However, the graviton propagator in AdS spacetime has 
not been studied in any other gauge. In this paper we shall derive the graviton 
propagator in AdS spacetime in the most general covariant gauge. It may be 
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noted that the covariant graviton propagator is aheady know for the de Sitter 
spacetime [IH]-[in]- 

We shall work in the Euclidean approach of Allen and Jacobson ^20j. Thus 
we shall compute the Green's function on the n-dimensional hyperboloid and 
this will become the Feynman propagator in the AdS spacetime upon analytic 
continuation. So we will take the Euclidean vacuum |21| as the vacuum state 
for doing our calculations. We take the boundary condition as the standard 
boundary condition in AdS spacetime, namely that the fastest possible falloff 
at the boundary. Our propagator consists of three sectors namely the scalar, 
the vector and the tensor sectors. The tensor sector is the same as that in the 
work of D'Hoker, Freedman, Mathur, Matusis and Rastelli [11]. The vector 
sector can be obtained by a trivial modification of the calculations performed 
for the covariant graviton propagator in de Sitter spacetime [12]. So we really 
need to generalize only the scalar sector of the graviton propagator in the AdS 
spacetime here. 



2 The field equation and the Green function 

In perturbative quantum gravity one writes the full metric in terms of a fixed 
background metric and small perturbations around it. We have denoted the full 
metric as g^f^' to distinguish it from the fixed background metric gab- We also 
denote the small perturbation around the fixed background metric as hab- So 
we can now write, 

9ab = 9ab + hab, (1) 

This small perturbation is regarded as a field that is to be quantized. The 
covariant derivative along with the raising and lowering of indices is with respect 
to the background metric. 

Thus, the action for perturbative quantum gravity in AdS spacetime can be 
written as 

f d"a;y^[/:ii„ + A„t], (2) 



where is the free part of the Lagrangian which is quadratic in the field 
variable and C-mt is part related to interactions. Here we are interested only 
in the free theory so we will take >Ciin as our Lagrangian. This Lagrangian is 
invariant under the following gauge transformations, 

(5A/lafc = VaAf, + VbAa. (3) 

We have to break this gauge invariance of the theory before quantizing it. For 
this purpose we add the following gauge-fixing term to the original classical 
Lagrangian: 

1 ^+l3^bA f^a. 



where /? is an non-zero arbitrary finite number. 

To find the Feynman propagator, we have to first find the Euclidean Green's 
function for £ — Cun + >Cgf and then analytically continue it back to AdS. The 
Euler-Lagrange field equation for this total Lagrangian is given by 

Va .,^ ^ =0. (5) 



dhcd dVahcd 
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This equation can be written as: 



1 
2^ 



1 

2 " 

-.gab 



fi + l 
a(3 



a/32 



2(1 + /3) 



a/3 



gab^c^^h 
71 — 3 



0. 



(6) 



Here R is the radius of the hyperbohc space from which AdS spacetime is 
obtained. 

Now we split the field hab as follows: 



hbc = A, 



be 



Bbc + Cbc, 



(7) 



where Cbc, Aab and Bab are the scalar, vector and tensor sectors respectively. 
We decompose the scalar part into a complete set of modes C^^ constructed 
from (j)^" , where 



72 iA 



(8) 



and a represents all the other labels. The modes C^^ can be written as a sum 
of a traceless part W^{^ and the trace X^^ gl], 



" ab ' 



where 



Act 
^ab 



=gab4'' 



Act 



n-1 y/X{X + nR-^) 



-gab 

n 



/Act 



(9) 

(10) 
(11) 



Here the factor 1 /y/n and y/n/ 1/(71 — 1)A + nR ^ are the normalization factors. 
The trace of W^b obviously vanishes. The vector part Aab is defined by 



(12) 



where the divergence of Aa vanishes, V^Aq = 0, and this intern implies that the 
trace of Aab also vanishes, g'^'^Aab = 0. The vector part can also be decomposed 
using a complete set of modes constructed from vector modes, = 
Va^^'^ + VbA^'^, where 122 



ya^ACT ^ 

y^A^" = (-A + i?-2)^ACT^ 



(13) 



Both the trace and divergence of the tensor part Bab vanishes, VBab = g'^^Bab = 
0. Thus, the tensor part can be decomposed using a complete set of tensor modes 
Bl-, where [22] 



g'^'B^ab 



0, 
0, 

(-A + 2R-^)Bli 



(14) 



3 



Furthermore, the Green's function is given by 

L"aGaba'b'{x, x') = 6cda'b'{x, x'), (15) 

where for any smooth function f'''^{x), we have 

d''x^5,da'b'{x,x')r\x) = fa'b'ix'). (16) 



Now we can decompose this delta function and the Green's function into scalar, 
vector and tensor modes as follows: 

6c,a'b'{x,x') = Sf2'b'i^,x')+S^^l,,ix,x')+Sifl,,ix,x'), (17) 

Gcaa'b'{x,x') = Gi;'2'b'i^,x') + Gi2'A^'^') + Gi2'b'i^,x'). (18) 

where 

Ci'6'(^.^') = EE^cd(^)c:4'(^'), (19) 

A <T 

Sifa'b'i^,x') = J2E^cSix)A*A^x'), (20) 
A <T 

SiTa'b'i^,x') = ^Y.BcSix)B*AUx'), (21) 



A a 



and 



Gi2b'ix,x') = 5]^c^C,^,-(x)C:47(x'), (22) 

A a- 

Gifa'b'i^,x') = Y.T.'2A'jix)A*^,%x'), (23) 

A a- 

g[%A^,x') = Y.Y.''lB^ca{x)B*A'{x% (24) 

A cr 

here the sum is a shorthand notation and includes integrals as AdS spacetime 
is non-compact. The constants 0^,02, are determined by 

^'tdG^aba'b'ix.x') = 5^cdl'h'ix,x), (25) 

L'i'^G^^l'b'M = 5[2,,,M, (26) 
LfaG^ablb'M = siTa'b'i^,x'). (27) 
We discuss the solutions of these equations in the next sections. 

3 Scalar Sector 



To find the total propagator, wc first deal with the scalar sector. First recall 
that the scalar sector was decomposed using C^^, and this was expressed in 
terms of X^^ and W^^, where 

X^b = ^9ab<l^^^' (28) 



n 
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Furthermore, here A satisfies 



A > 



4i?2 



Now we define Kf,, i,j — 1, 2, by 



ah 11 



12 ab I 
Act 
ab ■ 



We find that K^^ ^ K^i- We also define c^,,i,j = 1,2, by 



-11 "-12 



^11 ^12 
^21 -"^22 



We then find c^, = c^i and 



c^i 



-12 — ''21 
^2 



/32 [ {n - 2)a - 2{n - 1) 
n 



n-2 



A - (n - l)/3i?- 



2(n- 1) [n+ (n- 



n- 2 



(A - (n- l);3i?-2)2 



'-12 



2;9 n+{n-l)l3 - '-i^ap 
n{n-2) (A- (n- l)/3i?--2)2 ' 
2 1 



^22 — 



a 1 

(n-l)(n-2)i?-4 A + ni?-2 + (n- l)2i?-4 A 
2(n- 1) - (n- 2)a 1 
(n - 2)(n - l)2i?-4 A - (n - l);3i?-2 



2 [n+ (n- 



1 



(n-l)(n-2)i?- 



(A - (n - l);3i?-2)2 



where 



t-12 



-12 



^(n- l)A(A + ni?-2)' 



(30) 



(31) 
(32) 



(33) 



(34) 
(35) 



(36) 



(37) 



(38) 



{n-l)X{X + nR-^)' 

Define, Ak{x,x') to be the scalar propagator with mass kR^^ and let ^{x,x') 
be the geodesic distance between spacelike separated points x and x' in AdS 
spacetime and z = cosh^(/i/2_R), then the scalar propagator is given by [20 , 

Afe(z) = qoz^°-'>F[ao,ao - cq + l;ao - 5o + l;z^^], 



with 



where 



90 = 

ao = 
bo = 
Co = 



r(ao)r(ao - cq + 1) 
r(ao - 5o + l)7r"/22" 

1 

2 
1 

2 
1 



\R\' 



(39) 
(40) 



(n - 1) + V(^i^^lF+4fc2 



(n - 1) - V(^5^^lF+4fc2 



(41) 
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Further, let 



aW(x,x')^-^|:A,(x,x'). 



(42) 



i?-2 dk 

Then the scalar sector of the graviton propagator m AdS, in the Euclidean 
approach is given by 

Gfba'b'i^^x') = gab{x)ga'b'{x')X{x,x') 

+gab{x) ( Va'Vfc. - -ga-b'{x')Vc.,vA Y{x,x') 



+ga'b'{x') ( VaVb- -gab{x)VcV'' ) Y{x,x') 



^a^b - -gab^c^' 

n 



X ( Va'Vb' - -ga'b'Ve'V^ ) Z(x,x'), 



(43) 



where 

X{x,x') 



13^ [(n-2)a-2(n-l) 
n- 2 



2(n- 1) 
n- 2 



A-(„-i)^j(a;,a;') 



n- 2 

n + {n - l)/3 7;—aP 



ri-l),3(^' ^ )} ' 



(44) 



Y{x,x') 
Z{x,x') 



213 



n(n — 2) 



n — 2 

n+ {n- 1)13 af3 



^An{x,x') + 



{n~ l)(n- 2)i?-4 

2(n-l)-(n-2)Q 
'(n-2)(n-l)2i?-4 



(n- l)2i?-4 
A-(„-i)/3(x,a;') 



AL7„_i),(x,x'), (45) 
^Ao(x,x') 



2[n+(n-l)/?-i^a/3] 
(n-l)(n-2)i?-2 



(46) 



Now after finding the graviton propagator in the most general gauge, we 
will discuses certain limits of this propagator. In the gauge, where a = and 
13 = n/{l — n), we have 



X{x,x') 



(n- l)(n-2) 



A„(a;, a;'). 



and 



Y{x,x') = Z{x,x') = 0. 



(47) 



(48) 



So we can see that this part of the graviton propagator can be written in a 
simple form in the gauge when a = and /3 = — n). This is the gauge 
chosen in the work of D'Hoker, Freedman, Mathur, Matusis and Rastelli [llj . 
Furthermore, for /3 — 0, we have 



Xix,x') = Y{x,x') = 0, 



(49) 
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and 



Z{x, x') 



— A„(a;, a;') + 

a 2{n - I) - (n - 2)a 



(n-l)2i?-4 (n - 2)(n- l)2i?-4 
2n 



Ao(a;,a;') 



(n-l)(n-2)i?- 



(50) 



Finally we take a = and /3 = n(n — 2)/4(n — 1). For this value of /3, the 
scalar propagator A_(„_i)^(a;, a;') becomes the propagator for the conformally 
coupled case. Thus for a = and /3 = n{n ~ 2)/A{n — 1), we have 



X{x,x') 
Y{x,x') 
Z{x,x') 



2(n — 1) 2(n — 2) 



'^^!^±^^W(x x') 
2{n-l) ^ ' 



(n- l)(n-2)i? 



— Anix,x') + 



{n-2){n- l)R 



2(n-l)(n-2)i?-2 " ^ ' 



(51) 



where m — n{2 — n)/4. 



4 Total Propagator 

To calculate the total graviton propagator we first find the Green's function for 
the vector part. The Green's function for the vector part of the graviton propa- 
gator in AdS spacetime is obtained by a trivial modification of the calculation's 
done to calculate the Green's function for the vector part of the graviton prop- 
agator in de Sitter spacetime [H]. However, it will turn out that unlike Green's 
function for the vector part in de Sitter spacetime the Green's function for the 
vector part in AdS spacetime contains a very complicated term which can not 
simply be expressed in terms of elementary functions. 

To do so we first find the equation of motion for the vector part from by 
substituting hat = Aab in Eq. ([5]). Thus the equation of motion for the vector 
part is given by 

- [- + {n- l)R-^]Aa = 0. (52) 
a 

Now decomposing Aa into a complete set of vector modes and using Eq. (IT3l) , 
we get, 

- [A (n - 2)R-^]Al'' = 0. (53) 
a 

The Green's function for this equation can be obtained by repeating the cal- 
culations that were done for obtaining the Green's function of the vector part 
in four dimensional de Sitter spacetime |19| . for n dimensional AdS spacetime. 
Thus the Green's function for Eq. ([55)) . can be written as 

Gav{z) = -Pab'{z) - ^ VaVyAo(z). (54) 
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If Ua and rtf,' are unit tangent vectors along the geodesies at x and x' respectively, 
then the parallel transport gat' is defined by g^,na{x) — —nc'{x'). Now in the 
Allen and Jacobson formalism [20 , the propagator Pab'{z) is given by 



Pab'{z) = a(z)gab' + b{z)nanb', 



(55) 



where a{z) and b{z) again only depend on z which in turn only depends on the 
geodesic distance between x and x' . They are given by 



a{z) 
b{z) 



— —RsmhUR'^)-^ + cosh(/ii?'^) 
n — 1 dfi 



where 



with 



7(z) 



— Rsmh{fj,R-^)4- 

— 1 Ct/i 



[qiF[ai,bi;ci;z] 



dm? 



cosh(^i?"i) - 1 



m2=2i?-2(n-l) 



7(z) 



(l-n)r(ai)r(6i) ^_„ 

91 = ^TT -77; T-fl 



r(ci)2"+i7r"/2TO2 



Here ai, &i and ci are given by 

1 r 



ai 
bi 

Cl 



2 

1 - 

2 . 
1 

—n 



(n + 1) + - 3)2 + 4m2i?2 



(n + 1) - y/{n - 3)2 + 4m2i?2 
1. 



(56) 
(57) 
(58) 



(59) 



Now by repeating the argument used to calculate the Green's function of the 
vector part in four dimensional de Sitter spacetime 12. , for n dimensional AdS 
spacetime, we obtain the final expression for the Green's function for the vector 
part of the graviton propagator in AdS spacetime, 



Giil'b'i^^^') = a[Vaya'Gbb'{x,x') +VbS/a'Gab'ix,x') 
+ Va V,,' Gba' (X, X') + Vb Vb' Gaa' {x,x')]. 



(60) 



As the tensor part does not depend on the gauge parameters it will be the 
same in all gauge's and the full graviton propagator has already been obtained 
in a certain Landau gauge [11] . Thus the Green's function for tensor part in the 
covariant gauge will be the same as that which was obtained in that Landau 
gauge, however we will include it here for completeness. So the Green's function 
for tensor part in the covariant gauge can be written as. 



Gi^l,,,{x,x')^y2G.if,)Ol,,,,,ix,x'), 
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=1 



(61) 



where 0^50/5/ are constructed from all possible linear combinations of the metrics 
and unit normals at x and x' and along with the parallel transport. So we have, 



'^aba'b' 



gabga'b' 
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q5 



aba'b' = naUbna'Tlb', 
aba'b' — 9ab' ga'b + 9a'bgab' , 
aba'b' = gabna'Tlb' + naUbga'b', 
aba'b' = gab'na'nb+ ga'brianb' 

^gaa'nbUb' + gbb'naUa' 



(62) 



The coefRcient Gi{z) also only depend on z and have been explicitly calculated 
in terms of a single function g{z) as [TT], 



2) 

+ (4nz(z-l) + n-2)g(z)^, 

G2 = -4(z-l)2 
1 



4(Z- 1)2^2 

^ ^ g" ^ + 4z z - 1 2z - 1 g' z 
n + I 



n{n + 1) 



.9"(^) 



2{n + 2)z I 



n{n + 1) 



g'{z)+g{z) 



G3 



2(2 - n) 



4(n - l)z2(z _ i)2_^„^^^ ^ 4(n-l)z(z-l)(2z-l) ^,^^^ 



G4 — — 
G5 = - 



n(n + 1) 

+ (4(n - l)z{z - 1) + n - 2).g(z)) , 
4z(z- 1) /z(z- 1) 



n(n — 2) \ n + 1 

1 /2(n- l)z2(z- 1) 
n — 2 \ n(n + 1) 



g"[z) + [2z-l)g'{z) + ng{z)\, 



n 



+ (2(n-l)z-n + 2)g(z)), 
where g{z) is given by 

g{z) = 50(2) + gi(z) + 52(2) + 53(2:), 



(63) 



(64) 



with 
5o(z) 

51 (^) 
53(2:) 
54(2) 



dz' F[-n + 2,1- {'i-n)/2;z'] 
[z(z- l)]"/2 



n(n + l)r((n-2)/2) d 
(n - l)2"+27r"/2 

n(n + l)r((n + 2)/2) 4(n - l)z(z - 1) + n 
~2"+2W2(n-2)(n- l)n [z(z - l)](«+2)/2 ' 
n(n + l)r((n + 2)/2) 2z - 1 

(n - 2)(n - 1)2"+2W2 [z{z - l)]("+2)/2 ' 

/ -|y«-i)/2 r((n + 3)/2)n 

^ ' (n + 2)(n- l)27r(»-i)/2 

xF[2,n+ 1; (n + 4)/2;l - z]. 



(65) 



Thus, the total graviton propagator in AdS spacetime is given by the sum 
of the scalar, vector and tensor parts of the graviton propagator. We can now 
write the graviton propagator, in AdS spacetime, in the most general covariant 
gauge as: 



Gaba'b' — G'^^ba'b'i^^^') + ^ifi'b' + ^ifi'f,' ' 



(66) 



9 



where the scalar contribution to the graviton propagator Gj^^j,^, (x, x') is given 
by Eq. the vector contribution to the graviton propagator (x, x') 

is given by Eq. (j60l) . and the tensor contribution to the graviton propagator 
G'lfi'b'(a:,a:') is given by Eq. dM]). 

5 Conclusion 

In this paper we have derived the graviton propagator in the most general covari- 
ant gauge. This propagator can be used to calculate the correlation functions in 
the Bulk of AdS spacetime, which in turn can be used to study certain aspects 
of the AdS/CFT correspondence. It may be noted the the graviton propagator 
in AdS spacetime has already been derived in a certain Landau gauge [TT] , and 
used to study certain aspects of the AdS/CFT correspondence p5]-[?7]. 

We have also seen in this paper that in any gauge, apart from the Landau 
gauge, the graviton propagator in the AdS spacetime has a very complicated 
form. This is because the the vector part of the graviton propagator in the AdS 
spacetime contains a derivative of the hypergeometric function which can not 
be simply expressed in terms of elementary functions. As the vector part of the 
graviton propagator is proportional to the gauge parameter a, it vanishes in 
the Landau gauge. It may be noted that in de Sitter spacetime, this problem 
does not arise and it is possible to write the derivative of the hypergeometric 
function in terms of elementary functions, at least in four dimentions |18j-|19|. 
As in the work of D'Hoker, Freedman, Mathur, Matusis and Rastelli [TT], a 
certain Landau gauge was chosen, the AdS graviton propagator they derived 
did not contain this complicated term and thus could be easily written in terms 
of elementary functions. 
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